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1. Introduction
Let aij > 0 for 1 ≤ i ≤ n, 1 ≤ j ≤ m andmj=1 p−1j = 1 with pj > 1 for j = 1, 2, . . . ,m. Then it is well-known that the
following Hölder’s inequality [1]
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j=1
aij ≤
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j=1
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i=1
a
pj
ij
 1
pj
(1)
plays an important role in the study of inequalities and in the field of applied mathematics. For example, the well-known
Cauchy’s inequality
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
is a special case of (1). As for Hölder’s inequality, many generalizations and refinements have been obtained so far. See, for
example, [1–8] and the references therein. In [8], the first author of the paper has obtained the following refinements and
generalizations of the Hölder’s inequalities:
Theorem A. Let aij > 0 for 1 ≤ i ≤ n, 1 ≤ j ≤ m andmj=1 p−1j = 1 with pj > 1 for j = 1, 2, . . . ,m. Define a function
h : [0, 1] → (0,+∞) as
h(t) =
m
k=1
 n
i=1

m
j=1
aij
1−t
(apkik )
t
 1pk . (2)
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Then for 0 ≤ t1 < t2 < · · · < tk ≤ 1, we have the following refinement and generalization of the Hölder’s inequality (1):
h(0) =
n
i=1
m
j=1
aij ≤ h(t1) ≤ h(t2) ≤ · · · ≤ h(tk) ≤ h(1) =
m
j=1

n
i=1
a
pj
ij
 1
pj
. (3)
Moreover, the function h satisfies h(t) > 0 for all t ∈ (0, 1) and is convex, that is, h′′(t) ≥ 0 for all t ∈ (0, 1).
Similarly, for positive functions fk ∈ Lpk((a, b); (0,+∞)) with pk > 1 for k = 1, 2, . . . , n andnk=1 p−1k = 1, we define
a positive function g(t) for the integral form of Hölder’s inequality as
g(t) =
n
k=1
 b
a

n
j=1
fj(x)
1−t
(f pkk (x))
tdx
 1pk . (4)
Then the integral form of the Hölder’s inequality is given as follows:
Theorem B. Let g : [0, 1] → (0,+∞) be defined as in (4). Then for 0 ≤ t1 < t2 < · · · < tk ≤ 1, we have the following
refinement and generalization of the Hölder’s inequality for the integral form:
g(0) =
 b
a

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fk(x)
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dx ≤ g(t1) ≤ · · · ≤ g(tk) ≤ g(1) =
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a
f pkk (x)dx
 1
pk
. (5)
Moreover, the function g satisfies g(t) > 0 for all t ∈ (0, 1) and is convex, that is, g ′′(t) ≥ 0 for all t ∈ (0, 1).
Now, the main results of this paper are given in the following:
Theorem 1. Let aij > 0 for 1 ≤ i ≤ n, 1 ≤ j ≤ m and pj > 1 for j = 1, 2, . . . ,m andmj=1 p−1j = 1. Define a function
H : [a, b] → (0,+∞), where [a, b]may be (−∞, b], [a,+∞) or (−∞,+∞), by
H(t) =
m
k=1

n
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αkj(t)
ij
 1
pk
, (6)
where αkj ∈ C1([a, b]) for k, j = 1, 2, . . . ,m. Assume that H satisfies
H(a) =
n
i=1
m
j=1
aij and H(b) =
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j=1

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pj
ij
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pj
, (7)
and that H ′(t) ≥ 0 for t ∈ (a, b), where
H ′(t) = H(t) ·
m
k=1
n
i=1
m
j=1

m
j=1
a
αkj(t)
ij

ln aij
pk

n
i=1
m
j=1
a
αkj(t)
ij
α′kj(t). (8)
Then for a ≤ t1 < t2 < · · · < tk ≤ b, we have the following refinement and generalization of the Hölder’s inequality (1):
H(a) =
n
i=1
m
j=1
aij ≤ H(t1) ≤ H(t2) ≤ · · · ≤ H(tk) ≤ H(b) =
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j=1

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a
pj
ij
 1
pj
. (9)
Theorem 2. Assume that the functions fk ∈ Lpk((A, B); (0,+∞)) with −∞ < A < B < +∞ for k = 1, 2, . . . , n and
that pk > 1 for k = 1, 2, . . . , n and nk=1 p−1k = 1. Define a function G : [a, b] → (0,+∞), where [a, b] may be
(−∞, b], [a,+∞) or (−∞,+∞), by
G(t) =
n
k=1
 B
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dx
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pk
, (10)
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where βkj ∈ C1([a, b]) for k, j = 1, 2, . . . , n. Assume that G satisfies
G(a) =
 B
A

n
j=1
fj(x)

dx, G(b) =
n
j=1
 B
A
f
pj
j (x)dx
 1
pj
, (11)
and that G′(t) ≥ 0 for t ∈ (a, b), where
G′(t) = G(t) ·
n
k=1
n
j=1
 B
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pk
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Then for a ≤ t1 < t2 < · · · < tk ≤ b, we have
G(a) =
 B
A

n
j=1
f (x)

dx ≤ G(t1) ≤ · · · ≤ G(tk) ≤ G(b) =
n
j=1
 B
A
f
pj
j (x)dx
 1
pj
. (13)
2. Proofs of main results
Proof of Theorem 1. It is clear thatH(t) > 0 for t ∈ (a, b). Let bik(t) =mj=1 aαkj(t)ij for 1 ≤ k ≤ m, 1 ≤ i ≤ n and t ∈ [a, b].
Then we have
lnH(t) =
m
k=1
1
pk
ln

n
i=1
bik(t)

.
Hence for t ∈ (a, b), we have
H ′(t)
H(t)
=
m
k=1
n
i=1
m
j=1
bik(t) ln aij
pk
n
i=1
bik(t)
α′kj(t),
which is equivalent to (8). We divide the rest of the proof of Theorem 1 into the following subcases:
Case 1. Let [a, b] = [0, 1]. We define αkj(t) = 1 − t if k ≠ j and αkj(t) = 1 − t + pkt if k = j. Then it is easy to see that
H(t) = h(t) given by (2) in Theorem A. Hence, the result (3) in Theorem A is a special case of Theorem 1, that is, Case 1.
Case 2. Assume that −∞ < a < b < +∞. Let τ = t−ab−a . Then τ(a) = 0, τ (b) = 1 with dτdt = 1b−a > 0. We define
αkj(t) = αkj(τ ) = 1− τ = b−tb−a if k ≠ j, and αkj(t) = αkj(τ ) = 1− τ + pkτ = b−t+pk(t−a)b−a if k = j. Then α′kj(t) = 1b−aα′kj(τ ).
In this case, if we replace αkj(t) in Theorem 1 by αkj(t), then we see that H(t) = h(τ ) = h
 t−a
b−a

and for t ∈ (a, b),
H ′(t) = h′(τ )dτ
dt
=

1
b− a

h′

t − a
b− a

≥ 0.
Case 3. Assume that a = −∞ < b < +∞. Let τ = et−b. Then τ(a) = τ(−∞) = 0, τ (b) = 1 with dτdt = et−b > 0. We
define αkj(t) = αkj(τ ) = 1 − τ = 1 − et−b if k ≠ j, and αkj(t) = αkj(τ ) = 1 − τ + pkτ = 1 + (pk − 1)et−b if k = j. Then
α′kj(t) = et−bα′kj(τ ). In this case, if we replace αkj(t) in Theorem 1 by αkj(t), then we see that H(t) = h(τ ) = h(et−b) and for
t ∈ (a, b) = (−∞, b),
H ′(t) = h′(τ )dτ
dt
= et−bh′(et−b) ≥ 0.
Case 4. Assume that−∞ < a < b = +∞. Let τ = 1− ea−t . Then τ(a) = 0, τ (b) = τ(+∞) = 1 with dτdt = ea−t > 0. We
define αkj(t) = αkj(τ ) = 1 − τ = ea−t if k ≠ j, and αkj(t) = αkj(τ ) = 1 − τ + pkτ = (1 − pk)ea−t + pk if k = j. Then
α′kj(t) = ea−tα′kj(τ ). In this case, if we replace αkj(t) in Theorem 1 by αkj(t), then we see that H(t) = h(τ ) = h(1 − ea−t)
and for t ∈ (a, b) = (a,+∞),
H ′(t) = h′(τ )dτ
dt
= ea−th′(1− ea−t) ≥ 0.
Case 5. Assume that a = −∞ and b = +∞. Let τ = et1+et . Then τ(a) = τ(−∞) = 0, τ (b) = τ(+∞) = 1 with
dτ
dt = e
t
(1+et )2 > 0. We define αkj(t) = αkj(τ ) = 1− τ = 11+et if k ≠ j, and αkj(t) = αkj(τ ) = 1− τ + pkτ = 1+pke
t
1+et if k = j.
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Thenα′kj(t) = e
t
(1+et )2 α
′
kj(τ ). In this case, if we replaceαkj(t) in Theorem1byαkj(t), thenwe see thatH(t) = h(τ ) = h

et
1+et

and for t ∈ (a, b) = (−∞,+∞),
H ′(t) = h′(τ )dτ
dt
= e
t
(1+ et)2 h
′

et
1+ et

≥ 0.
The rest of the proof is obvious. This completes the proof of Theorem 1. 
Proof of Theorem 2. Similarly, we see that G(t) > 0 for t ∈ (a, b). Let
Fk(t) =
 B
A

n
j=1
f
βkj(t)
j (x)

dx, k = 1, 2, . . . , n.
Then we have
lnG(t) =
n
k=1
1
pk
ln Fk(t).
Hence for t ∈ (a, b), we have
G′(t)
G(t)
=
n
k=1
1
pk
F ′k(t)
Fk(t)
=
n
k=1
n
j=1
1
pk
 B
A

n
j=1
f
βkj(t)
j (x)

ln fj(x)dx
Fk(t)
β ′kj(t),
which is equivalent to (12). 
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